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Abstract 
Del Fra, A. and D. Ghinelli, Classification of extended generalized quadrangles with maximum 
diameter, Discrete Mathematics 105 (1992) 13-23. 
Let S be an extended generalized quadrangle of order (s, t). Recently it has been proved that 
the diameter A of the point-graph S satisfies A s s + 1 (see Cameron, Hughes and Pasini [4]). 
In this paper we prove that A = s + 1 if and only if one of the following occurs: 
(i) f = 1 and S is isomorphic to the Johnson geometry on (‘~~,‘)) points (s > 0). 
(ii) s = 2, t = 2,4 and S is isomorphic to the aftine polar space of order 2 and type A,, D; 
on 32 and 56 points respectively. 
(iii) s = 1 and S is complete tripartite on 3(t + 1) points (t > 1). 
1. Introduction 
In this section we give the notation and assumed results we use throughout. 
While we try to keep this paper as self contained as possible, it may be useful to 
consult Hughes and Piper [9], Payne and Thas [lo], Cameron, Hughes and Pasini 
[4], Del Fra, Ghinelli, Pasini and Meixner [7], and Fisher [8] for more details. 
Definition 1.1. A finite Generalized Quadrangle of order (s, t) (which we 
abbreviate GQ(s, t)) is a structure with two types, called points and lines 
satisfying: 
(i) every point is on t + 1 lines (t > 0) and two distinct points are on at most 
one common line; 
(ii) every line contains s + 1 points (S > 0) and two distinct lines are on at most 
one common point; 
(iii) if P IS a p ’ t om and y is a line, P not on y, then there is a unique point Q on 
y such that P and Q are collinear. 
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It is easy to prove that in a GQ(s, t) there are 
(s + l)(st + 1) points and (t + l)(st + 1) lines, (1) 
(see Payne and Thas [lo], and Tallini [ll-131 for further details on GQs). 
The GQs with order (s, 1) are called grids, (we warn the reader that only 
(s + 1) x (s + 1) grids will be considered). 
Definition 1.2. Let S be a connected structure with two types, points and blocks, 
say. If P is a point of S, then the residue S,, is defined to be the structure of all the 
points X #P that are on a block on P, and all the blocks on P. 
If every residue S,, is a Generalized Quadrangle, then we say that S is an 
Extended Generalized Quadrangle, which we abbreviate to ‘EGQ’. 
The connectedness of S implies the following result (see Cameron Hughes and 
Pasini [4], for the proof). 
Proposition 1.3. Let S be an EGQ. Then: 
(i) every residue S, is a GQ with the same order (s, t); 
(ii) every point of S is on (t + l)(st + 1) blocks ; 
(iii) every block of S contains s + 2 points; 
(iv) two distinct points of S are either on no common blocks or on t + 1 
common blocks. 
(v) two distinct blocks of S meet in 0, 1 or 2 common points. 
Definitions 1.4. We shall say that an EGQ has order (s, t) or is an EGQ(s, t), if 
each of its residues has order (s, t). 
From now on, S will always be an EGQ(s, t). 
As it is natural, we say that two points have distance d if they have distance d in 
the point-graph of S. We define the distance of a block x from a point X, d(x, X) 
say, as the minimal distance of points of x from X. We shall also say that a line 1 
in a residue S, (P E S) is at distance d from X if d (1 U P, X) = d. 
Two points at distance d = 1 are also said to be collinear. 
Every notion relative to the point-graph of S, can be considered as a notion 
relative to S; Hence: the diameter of S will be the diameter of the point-graph, S 
is distance regular if the point graph is distance regular (see Cameron and Van 
Lint [5]), and so on. 
An EGQ(s, t) is said to be a-uniform, if there is an integer CYY such that for 
every anti-flag (P, y) of S the number cu(P, y) of points on y which are collinear 
with P is either 0 or (Y. 
In the next section we shall use the following results first proved in the 
forthcoming paper [4]. 
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Lemma 1.5. Let P and X be points of S at distance d. Then there is a block x 
which contains P and (at least) d distinct points at distance d - 1 from X. 
Proof. By induction on d, the case d = 1 being trivial. Suppose that d > 1 and 
that the result holds for d - 1. Let Q be a point joined to P with d(X, Q) = d - 1. 
By the inductive hypothesis, there is a block y containing Q and d - 1 points Rj 
(i=l,..., d - 1) with d(X, Rj) = d - 2. None of these points is joined to P, for 
otherwise d(P, X) cd - 1. 
Since only one of the t + 1 blocks through P and Q contains an additional point 
of y , we may choose a block x containing P and Q, such that x fl y = {Q} . In the 
residue So, we consider for each antiflag (Rj, x - {Q}) the unique point Sj of 
x - {Q} which is collinear with R, (j = 1, . . . , d - 1). Since there are no 
triangles, Si # Sj for i #j. From d(Sj, X) c d(Sj, Rj) + d(Rj, X) = d - 1 and 
d = d(P, X) ~ d(P, Sj) + d(S,, X) = 1 + d(Si, X), 
we get d(S,, X) = d - 1. Thus on the block x we have at least d points: Q and 
S 1,. . . , S,_, at distance d - 1 from X. q 
Lemma 1.6. Let x be a block and P be a point of S with d(x, P) = d. Then P has 
distance d from at least d + 1 points of x. 
Proof. If d = 1 the statement is trivial. Suppose that d > 1 and that the result 
holdsford-1. Let PO=P, PI ,..., Pd E x be a minimal path from P to x. Since 
only one of the t + 1 blocks through Pd--l and Pd contains an additional point of x, 
we may choose a block z on Pd--l and Pd such that x rl z = {Pd} ; clearly 
d(P, z) = d - 1. 
By the inductive hypothesis, we have on z at least d points RI, . . . , Rd at 
distance d - 1 from P. In the residue S, of Pd we consider, for every antiflag 
(Ri, x - {Pd}) the unique point Si of x - {Pd} which is collinear with Rj 
(i=l,. * . , d). As before, the Sis are all distinct. From d(Si, P) 3 d (since S, E x, 
and d(x, P) = d) and 
d(P, Si) ~ d(P, Ri) + d(Ri, Si) = d - 1 + 1 = d 
we get d(Si, P) = d. Thus we have on x at least d + 1 points Pd, &, . . . , S, at 
distance d from P. 
Proposition 1.7. Zf A is the diameter of an EGQ(s, t), then 
Ass+l. (2) 
Proof. Let P and X be points at distance A. By Lemma 1.5 there is a block x 
which contains P and at least A further points (at distance A - 1 from X). Hence 
1x1 = s + 2 3 1 + A, which implies (2). Cl 
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The following example of EGQ(s, 1) with maximum diameter is well known 
(see Buekenhout and Hubaut [2,2.3(2)] or Blokhuis and Brouwer [l], or 
[7,2.51~. 
Example 1.8. When s = 1, consider the structure S = (P, B, I), where P is 
partitioned into three subsets of order t + 1, say Aj (i = 1,2, 3) and blocks are all 
possible transversals (i.e. 3-subsets x = {Xi, X2, X,} with Xi EAT). It is not 
difficult to see that S is the unique (up to isomorphism) EGQ(1, t). Obviously S, 
which is called complete tripartite on 3(t + 1) points, has diameter 2. 
Examples 1.9 (see [2, Theorem 21 and [7,2.1]). F or s = 2 there are the following 
three EGQs of diameter 3, all distance regular. 
(K) Let Q:(2) b e a hyperbolic quadric in PG(5,2) and let o be a hyperplane 
meeting Q:(2) in a nonsingular quadric Q4(2). Then the complement of o in 
Q:(2) is an EGQ(2,l) with diameter 3 on 20 points, called the afine polar space 
of order 2 and type 0:. 
(D;) Similarly, if Q;(2) . IS an elliptic quadric in PG(7,2), and o is a 
hyperplane meeting Q;(2) in a nonsingular Q,(2), then the complement of u in 
Q;(2) is an EGQ(2,4) with diameter 3 on 56 points. This is called the afine polar 
space of order 2 and type D;. 
(A*) Finally, the complement in a neutral quadric Q6(2) of PG(6,2) of a 
tangent hyperplane section is an EGQ(2,2) with diameter 3 on 32 points. This is 
called the afine polar space of order 2 and type A2. 
It follows from Theorem 2 of [7] that an EGQ(2, t) with diameter 3 is 
necessarily either 0: or A2 or D; (hence it has t = 1, 2,4). We note that these are 
precisely the geometries considered in Theorem 2 of [2], as it can be easily seen 
using the characterization of affine polar spaces in Cohen and Shult [6]. 
All of them have pug-transitive automorphism groups: we get these groups as 
stabilizers of the hyperplane sections in the automorphism group of the quadric 
we start from. Aut (r) has rank 4 and acts imprimitively on the set of points of r, 
for r = DZ+, AZ, 0;. 
Another example of EGQ(s, 1) with maximum diameter is the following one 
(see [l], [2,2.3 (2)] or [7,2.5.1]). 
Example 1.10. Let 52 be a set of 2(s + 1) elements. We construct a structure as 
follows: the points of S are the (s + 1)-subsets of 8; two points are said to be 
collinear if the corresponding (s + 1)-subsets meet in s elements; now the blocks 
of S are subsets of s + 2 points which are pairwise collinear. 
It is not difficult to verify that S is a 2-uniform and distance-regular EGQ(s, 1) 
with diameter s + 1 on (*$c:’ ) points. We call it the Johnson geometry, since its 
point-graph is known as the Johnson graph. 
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We note that the automorphism group of S is the direct product of the cyclic 
group of order 2 with Symmetric group S2Cs+II (see [7], lot. cit. for further 
details). Clearly, the Johnson geometry when s = 1 is Complete tripartite on 6 
points (i.e. t = l), when s = 2 is the EGQ(2, 1) of 1.9 (D;). 
In this paper we classify the EGQs with maximum diameter. Examples 1.8 and 
1.9 give this for s = 1 and s = 2, respectively. In the next section we shall prove 
that when s > 2 then an EGQ(s, t) of diameter s + 1 has necessarily t = 1 and is 
isomorphic to the Johnson geometry. 
It will be clear to those who know the language of Buekenhout-Tits diagrams 
that what we consider here are geometries belonging to the diagram 
w s ( 
(see [7] for more details). 
2. EGQs with maximum diameter 
We first prove a lemma which holds for any EGQ. 
Lemma 2.1. Let S be an EGQ(s, t) and let P and X be points of S at distance d. 
Then there are in S: 
(i) at least td + 1 blocks on P at distance d - 1 from X and 
(ii) at least t(d - 1)d + d points collinear with P and at distance d - 1 from X. 
Proof. By Lemma 1.5 there is a block which contains P and d distinct points 
Qd at distance d - 1 from X. Every line of S, on a fixed Qi 
d) gives in S a block at distance d - 1 from X (since such a block 
contains P’and d(P, X) = d, d(Qj, X) = d - 1). This proves (i). 
Now, by Lemma 1.6, on every line of S,, on Qj there are at least d points 
(including Qj), at distance d - 1 from X, and by (i) we get (ii). 0 
In particular, if S has maximum diameter s + 1 and d = s + 1, then we have in 
S,, only points at distance s from X. This implies the following. 
Lemma 2.2. Two points at distance s + 1 from X, can never be collinear (if they 
exist). 
Corollary 2.3. There are no blocks at distance s + 1 from X. 
From now on S will be an EGQ(s, t) with diameter A = s + 1. Hence we may 
choose two points X and Y with 
d(X, Y) = s + 1. (1) 
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For every A in S we use the notation 
d,(A) = d(X A), d,(A) = d(Y, A). (2) 
Clearly 
d,(A) + d,(A) 2 s + 1, (3) 
and we have equality if A is on a ‘minimal path from X to Y’ (which we simply 
call sometimes a geodesic). 
By (3) and the triangle inequality, if P, A E S we have 
s + 1 - d,(A) s d,(A) G d,(P) + d(P, A), 
and 
(4) 
s + 1 - d,(A) s d,(A) G d,(P) + d(P, B). 
We shall say that a point A of S is good if it lies on a geodesic, that is 
d,(A) + d,(A) = s + 1. 
(5) 
(6) 
We also use the notation r,, d for the set of points at distance d from A. 
Lemma 2.4. With the above notation, if P is a good point with d,(P) = k (i.e. 
d,(P) = s - k + l), then: 
(i) every point B of the residue S, with d,(B) = k - 1 is good (i.e. d,(B) = 
s-k+2); 
(ii) every point D of the residue S, with d,(D) = s - k is good (i.e. d,(D) = 
k + 1). 
Proof. If A = B E I!,,_, il S,, then d,(B) = k - 1, d(P, B) = 1; since P is good 
we get by (4) that d,(B) = s - k + 2, which proves (i). 
Similarly, if A = D E l&-k n S,, then d,(D) =s -k, d(P, D) = 1; since 
d,(P) = k we have from (5) that d,(D) = k + 1. 0 
Lemma 2.5. Let x be a block of S containing two good points B and P, with 
d,(B) = k - 1, d,(P) = k (7) 
(1 G k s s). Then we have on x exactly: 
(i) k good points B E ry,k_-l, 
(ii) s - k + 2 good points C E r,,, (including P). 
Proof. It follows from (7) that d(x, Y) = k - 1. By Lemma 1.6 we have on x at 
least k points B E r,,,_, and these are all good points since they are in the residue 
of P, which by hypothesis is good (see 2.4). 
Since L? and P are good points (see (6)), (7) implies 
d,(@=s-k+2, d,(P)=s-k+l, (8) 
thus 
d(x,X)=s-k+l, (9) 
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and by Lemma 1.6 we get on x at least s -k + 2 points C E rX,s--k+l (including 
P). Replacing in (5) A = C, P = B we get dy(C) = k. Since s + 2 is the size of a 
block (see 1.3(iii)), this completes the proof. 0 
Similarly, by 1.6, 2.4(ii) and (4), interchanging the role of X and Y we get the 
following. 
Lemma 2.6. Let x be a block of S containing two good points d and P with 
d,(D) = s - k, d,(P)=s-k+l 
then we have on x exactly: 
(i) s - k + 1 good points D E I”,s--k, 
(ii) k + 1 good points C E I&--k+l (including P). 
Theorem 2.7. Every point P of an EGQ(s, t) with diameter s + 1 (s > 1) is on a 
minimal path between two points at distance s + 1. 
Proof. By connectedness we only have to prove that if k is an integer 
(0 < k G s + 1) and P is a good point at distance k from Y, then every point A in 
the residue S, of P is also good. 
First we assume k <s. The assert is true for k = 0, since the P = Y and every 
point A in Sy satisfies d,(A) = s, by 2.2. 
Let k 2 1. In S, there are at least one good point B with d,(B) = k - 1 and at 
least one good point I) with dX(D) = s - k (those on the geodesic on P). By 
Lemma 2.4 every point B E Sr fl I-“,,_, is good and every point D E S, fI Px,s_-k is 
good. 
From this, by Lemma 2.5, it follows that for every fi E S, II ry,k_-l, every line 
of SP on l? has exactly: 
k good points B E P,, k _ , , (11) 
s - k + 1 good points C E r,., (P $ S,). (12) 
By 2.4 and 2.6 for every D E S, n rX,s-k, every line of S, on D has exactly: 
s -k + 1 good points D E PX,s--k, (13) 
k good points C E rX,s_k+, (P $ S,). (14) 
Now we choose a line on a fixed B, say r, and we consider the unique line u on 
a fixed D meeting r. Clearly, r 13 u is a good point C E r,,, n l?X,.,_-k+,; we set (see 
(11) and (12)) 
r = {B, = B, B2, . . . , Bk, C = C,, . . , C,_,+,}. 
Each of the t lines on Bi different from r consists as r of (11) and (12). Thus we 
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have on those kt lines (i = 1, . . . , k) exactly 
k{l + (k - 1)t} (15) 
points B E rV,,_, rl S, (all good by 2.4). 
We claim that every line 1 # r on a Cj (j = 1, . . . , s - k + 1) contains as u (13) 
and (14). Since every point of S, is on a line meeting r, this will imply that every 
point in S, is good. 
Since k<s, there is on r a point Cj#Cr=uflr. For every i=l,. . . , k and 
j=2,..., s - k + 1, consider the sets of size t: 
F(B,) = {lines r’ E S, ( r’ Zr, r’ 3 Bi}, 
F(Cj)={lines1~Sp~Z#r,13Cj}, 
F(D)={lineszeSp(z#u,z3d}. 
We note that every line z E F(I)) consists as u of (13) and (14). Thus the unique 
point of a line r’ E F(B,) which is collinear with D is a point C’ E r’ (C’ E r,,, rl 
I&k+l); if we map the line z = C’o E F(d) onto the line C’Bi E F(B,) we get a 
one-to-one map f6,i:F(D)+ F(B,) (i = 1, . . . , k). Since two points C of the 
same z E F(D) cannot form with Bi a triangle, the k points C of a line z E F(D) 
are exactly one on each F(B,). Hence, the unique point of a line I of F(C,) (j > 2) 
collinear with D is necessarily a point D E rX,s--k and 1 contains as u exactly (13) 
and (14) (see 2.4 and 2.6). 
The same argument applied to a fixed 1 (in the role of u) and to any line 
different from r on C1 = c = r fl u (in the role of I), shows that also the set F(C,) 
of lines on C, different from r consists of f lines having as u (13) and (14). 
Thus each F(Cj) (j = 1, . . . , s - k + 1) consists in t lines with exactly (13) and 
(14). The number of points D E S, rl I”,s--k (all good by 2.4) on those lines is 
(s - k + l)[t(s - k + l)] = (s - k + 1)‘~ (16) 
The proof is complete for k < s. 
When k = s, s + 1, the assert comes as before when k = 0, 1 respectively, 
interchanging X and Y. Cl 
As a consequence of the Proof (see (15) and (16)) we obtain the following 
Corollary 2.8. Let k be an integer, 1 G k s s - 1. For every point P of S at distance 
k from Y we have 
[{B ES, 1 d,(B) = k - 1}1= k{l + (k - l)t}, 
I(0 E S, ) d,(D) = k + l}] = (s - k + 1)“~ 





Now we are able to prove the following theorem. 
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Theorem 2.9. A necessary condition for the existence of 
diameters+1 (s>2)ist=l. 
an EGQ(s, t) with 
Proof. Set k’=s-k+l. Then for any 2<k<s-1, we have 2ck’<s--1. 
Interchanging X and Y interchanges k and k’; and d,(B) = k - 1 if and only if 
d,(B) = k’ + 1. Hence, by (17) and (18) we get: 
k{l + (k - l)t} = (s - k’ + 1)‘t. 
Sincek’=s-k+l;thisimpliest=l. Cl 
(20) 
As an immediate consequence of 2.7-2.9 we have the following result. 
Corollary 2.10. An EGQ(s, t) with diameter s + 1 (s > 2) has necessarily the 





blocks of size s + 2. 
Proof. Let X and Y be points at distance s + 1, and let 
nk = W’y.4 = l{J’ ES ) d,(P) = k)l. (23) 
Clearly no = 1 and by Theorem 2.7 
nk = h-k. 
Thus, particular 
(24) 
n,+l =n,= 1. (25) 
Now we count in two ways collinear pairs (P, D) with P E rY,k and D E r,,k+r. By 
(18), (17) and 2.9 we have 
&(s - k + 1)2 = n,+,(k + l)*. 





22 A. Del Fra, D. Ghinelli 
This, by 1.3 (see (ii) and (iii)) yields 
b _ 26 + 1) -s+2. .=2(2!=:‘). q m9 
Remark 2.11. Theorem 2.9 and the proof of Theorem 2.7 given a lot of 
information on the structure of residue of a point P at distance k from Y (hence 
s - k + 1 from X). Precisely, in S, we have points of three types, say B, C, D, at 
distance k - 1, k, k + 1 respectively, from Y and (see (17) and (18) for t = 1): 
I{BESpIdy(B)=k-l}l=k*, ({DESp(dy(D)=k+l}l=(s-k+l)*, (29) 
thus 
I{C&)dY(C)=k}l=2k(s-k+l). (30) 
On a point of type B and D there are two lines of S, at distance k and k + 1, 
respectively, from Y. While the two lines on a point of type C are one at distance 
k - 1, the other at distance k from Y. 
Therefore we have in Sp: 
(i) 2k lines at distance k - 1 from Y consisting of k points of type B and 
s - k + 1 points of type C. 
(ii) 2(s - k + 1) 1 ines at distance k from Y with k points of type C and s - k + 1 
points of type D. 
Theorem 2.12. Let S and S’ be two EGQ(s, 1) with the same diameters + 1. Then 
S and S’ are isomorphic. 
Proof. Assume s > 1 (s = 1 is trivial). Let X, Y E S and X’, Y’ E S’ be points with 
d(X, Y) = d(X’, Y’) = s + 1. (31) 
We define an isomorphism f : S +S’ by way of induction on the distance from Y 
and Y’ as follows. We set 
f(Y) = Y’, (32) 
and we define an isomorphism f : Sy --, Sy, using any fixed automorphism of the 
grid (s, 1). Thus f is defined on Sy U Y and preserves incidences for blocks on Y 
and Y’, as well as its inverse f-‘. 
We assume that f is defined on all points at distance k from Y and we define f 
on a point Q at distance k + 1 from Y in the following way. By Theorem 2.7, 
there is a point B collinear with Q and such that d,(B) = k. Let B’ =f(B) and 
consider the residues S, and S,.. In S, each of the 2 lines, say r, and r2 on Q has 
exactly k > 0 points 
Cl”, . . . , CIl”Eqflry,~ (j=1,2), (33) 
(see Remark 2.11). Now, by induction, f preserves collinearity for all points at 
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distance Sk from Y. Thus, for every j = 1, 2 the k points f(C$“), . . . ,f(CV’) are 
on a line ri in S,,. We have that rl and ri meet in a point Q’ ES~,, with 
dy(Q’) = k + 1 (otherwise, r; rl r; = 0 and so both rl and r; must meet a common 
line of S,, at distance k from Y’. Then, by induction, both r, and r, must meet a 
common line of S, at distance k from Y, which contradicts the assumption 
Q = r, fl r*). 
We set f(Q) = Q’ and, by induction f is defined for every k. In particular, 
f(X) = X’. Obviously, f is the required isomorphism. 0 
We conclude stating a theorem which summarizes all the results we obtained. 
Theorem 2.13. An EGQ(s, t), say S, has diameter s + 1 if and only if one of the 
following occurs: 
(i) t = 1 S is isomorphic the geometry points 
Example 
(ii) to the afine polar space of order 2 and 
type AZ, D; on 32 and 56 respectively 1.9); 
(iii) s = 1 and S is complete on 3(t + 1) (t > 1) (see Example 
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